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HERMITE-HADAMARD-TYPE INQUALITIES FOR NEW
DIFFERENT KINDS OF CONVEX DOMINATED FUNCTIONS
M.EMIN O¨ZDEMIRN, HAVVA KAVURMACIN,, AND MEVLU¨T TUNC¸
Abstract. In this paper, we establish several new convex dominated functions
and then we obtain new Hadamard type inequalities.
1. Introduction
The inequality
(1.1) f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f (x) dx ≤
f (a) + f (b)
2
which holds for all convex functions f : [a, b] → R, is known in the literature as
Hermite-Hadamard’s inequality.
In [7], Toader defined m−convexity as the following:
Definition 1. The function f : [0, b] → R, b > 0, is said to be m−convex where
m ∈ [0, 1], if we have
f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)
for all x, y ∈ [0, b] and t ∈ [0, 1]. We say that f is m−concave if (−f) is m−convex.
In [3], Dragomir proved the following theorem.
Let f : [0,∞) → R be an m−convex function with m ∈ (0, 1] and 0 ≤ a < b. If
f ∈ L1 [a, b] , then the following inequalities hold:
f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f (x) +mf
(
x
m
)
2
dx(1.2)
≤
1
2

f (a) +mf
( a
m
)
2
+m
f
(
b
m
)
+mf
(
b
m2
)
2

 .
In [4] and [5], the authors connect together some disparate threads through a
Hermite-Hadamard motif. The first of these threads is the unifying concept of a
g−convex dominated function. Similarly, in [8], Kavurmacı et al. introduced the
following class of functions and then proved a theorem for this class of functions
related to (1.2).
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Definition 2. Let g : [0, b] → R be a given m−convex function on the interval
[0, b]. The real function f : [0, b] → R is called (g,m)−convex dominated on [0, b]
if the following condition is satisfied
|λf(x) +m(1− λ)f(y)− f (λx+m (1− λ) y)|
≤ λg(x) +m(1− λ)g(y)− g (λx+m (1− λ) y)
for all x, y ∈ [0, b], λ ∈ [0, 1] and m ∈ [0, 1] .
Theorem 1. Let g : [0,∞) → R be an m−convex function with m ∈ (0, 1]. f :
[0,∞)→ R is (g,m)−convex dominated mapping and 0 ≤ a < b. If f ∈ L1 [a, b] ,
then one has the inequalities:∣∣∣∣∣ 1b − a
∫ b
a
f (x) +mf
(
x
m
)
2
dx− f
(
a+ b
2
)∣∣∣∣∣
≤
1
b− a
∫ b
a
g (x) +mg
(
x
m
)
2
dx− g
(
a+ b
2
)
and ∣∣∣∣∣∣∣∣
1
2

f (a) +mf
( a
m
)
2
+m
f
(
b
m
)
+mf
(
b
m2
)
2

− 1b− a
∫ b
a
f (x) +mf
(
x
m
)
2
dx
∣∣∣∣∣∣∣∣
≤
1
2

g (a) +mg
( a
m
)
2
+m
g
(
b
m
)
+mg
(
b
m2
)
2

− 1b− a
∫ b
a
g (x) +mg
(
x
m
)
2
dx.
In [9], definition of (α,m)−convexity was introduced by Mihes¸an as the follow-
ing.
Definition 3. The function f : [0, b] → R, b > 0, is said to be (α,m)−convex,
where (α,m) ∈ [0, 1]2, if we have
f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)
for all x, y ∈ [0, b] and t ∈ [0, 1].
Denote by Kαm (b) the class of all (α,m)−convex functions on [0, b] for which
f (0) ≤ 0. If we take (α,m) = {(0, 0) , (α, 0) , (1, 0) , (1,m) , (1, 1) , (α, 1)} , it can be
easily seen that (α,m)−convexity reduces to increasing: α−starshaped, starshaped,
m−convex, convex and α−convex, respectively.
In [14], Set et al. proved the following Hadamard type inequalities for (α,m)−convex
functions.
Theorem 2. Let f : [0,∞) → R be an (α,m)−convex function with (α,m) ∈
(0, 1]
2
. If 0 ≤ a < b < ∞ and f ∈ L1 [a, b] ∩ L1
[
a
m
, b
m
]
, then the following
inequality holds:
(1.3) f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f (x) +m (2α − 1) f
(
x
m
)
2α
dx.
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Theorem 3. Let f : [0,∞) → R be an (α,m)−convex function with (α,m) ∈
(0, 1]2 . If 0 ≤ a < b <∞ and f ∈ L1 [a, b] , then the following inequality holds:
(1.4)
1
b− a
∫ b
a
f (x) dx ≤
1
2
[
f (a) + f (b) +mαf
(
a
m
)
+mαf
(
b
m
)
α+ 1
]
.
For the recent results based on the above definition see the papers [1], [2], [10],
[11] and [13].
In [12], the power mean Mr(x, y;λ) of order r of positive numbers x, y is defined
by
Mr(x, y;λ) =
{
(λxr + (1− λ) yr)
1
r , r 6= 0
xλy1−λ, r = 0.
A positive function f is r−convex on [a, b] if for all x, y ∈ [a, b] and λ ∈ [0, 1]
(1.5) f(λx+ (1 − λ)y) ≤Mr(f (x) , f (y) ;λ).
The generalized logarithmic mean of order r of positive numbers x, y is defined by
(1.6) Lr (x, y) =


r
r+1
xr+1−yr+1
xr−yr
, r 6= 0, 1, x 6= y
x−y
ln x−ln y , r = 0, x 6= y
xy lnx−ln y
x−y
, r = −1, x 6= y
x, x = y
In [6], the following theorem was proved by Gill et al. for r−convex functions.
Theorem 4. Suppose f is a positive r−convex function on [a, b] . Then
(1.7)
1
b− a
∫ b
a
f (x) dx ≤ Lr (f (a) , f (b)) .
If f is a positive r−concave function, then the inequality is reversed.
In the following sections our main results are given: We establish several new
convex dominated functions and then we obtain new Hadamard type inequalities.
2. (g − (α,m))-convex dominated functions
Definition 4. Let g : [0, b] → R, b > 0 be a given (α,m)-convex function on
the interval [0, b]. The real function f : [0, b] → R is called (g − (α,m))-convex
dominated on [0, b] if the following condition is satisfied
|λαf(x) +m(1− λα)f(y)− f (λx+m (1− λ) y)|(2.1)
≤ λαg(x) +m(1− λα)g(y)− g (λx+m (1− λ) y)
for all x, y ∈ [0, b], λ ∈ [0, 1] and (α,m) ∈ [0, 1]
2
.
The next simple characterisation of (α,m)-convex dominated functions holds.
Lemma 1. Let g : [0, b] → R be an (α,m)-convex function on the interval [0, b]
and the function f : [0, b]→ R. The following statements are equivalent:
(1) f is (g − (α,m))-convex dominated on [0, b] .
(2) The mappings g − f and g + f are (α,m)-convex functions on [0, b] .
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(3) There exist two (α,m)-convex mappings h, k defined on [0, b] such that
f = 12 (h− k) and g =
1
2 (h+ k) .
Proof. 1⇐⇒2 The condition (2.1) is equivalent to
g (λx+m (1− λ) y)− λαg(x)−m(1− λα)g(y)
≤ λαf(x) +m(1− λα)f(y)− f (λx+m (1− λ) y)
≤ λαg(x) +m(1− λα)g(y)− g (λx+m (1− λ) y)
for all x, y ∈ I, λ ∈ [0, 1] and (α,m) ∈ [0, 1]
2
. The two inequalities may be rear-
ranged as
(g + f) (λx+m (1− λ) y) ≤ λα (g + f) (x) +m(1− λα) (g + f) (y)
and
(g − f) (λx+m (1− λ) y) ≤ λα (g − f) (x) +m(1− λα) (g − f) (y)
which are equivalent to the (α,m)-convexity of g + f and g − f, respectively.
2⇐⇒3 We define the mappings f, g as f = 12 (h− k) and g =
1
2 (h+ k). Then,
if we sum and subtract f, g, respectively, we have g + f = h and g − f = k. By the
condition 2 of Lemma 1, the mappings g − f and g + f are (α,m)-convex on [0, b] ,
so h, k are (α,m)-convex mappings too. 
Theorem 5. Let g : [0,∞) → R be an (α,m)−convex function with (α,m) ∈
(0, 1]
2
. f : [0,∞)→ R is (g − (α,m))−convex dominated mapping and 0 ≤ a < b.
If f ∈ L1 [a, b] ∩ L1
[
a
m
, b
m
]
, then the first inequality holds:∣∣∣∣∣ 1b − a
∫ b
a
f (x) +m (2α − 1) f
(
x
m
)
2α
dx− f
(
a+ b
2
)∣∣∣∣∣
≤
1
b− a
∫ b
a
g (x) +m (2α − 1) g
(
x
m
)
2α
dx− g
(
a+ b
2
)
and if f ∈ L1 [a, b] then the second inequality holds:∣∣∣∣∣∣∣∣
1
2

f (a) +mf
( a
m
)
α+ 1
+mα
f
(
b
m
)
+mf
(
b
m2
)
α+ 1

− 1b− a
∫ b
a
f (x) +mf
(
x
m
)
2
dx
∣∣∣∣∣∣∣∣
≤
1
2

g (a) +mg
( a
m
)
α+ 1
+mα
g
(
b
m
)
+mg
(
b
m2
)
α+ 1

− 1b− a
∫ b
a
g (x) +mg
(
x
m
)
2
dx.
Proof. By Definition 4 with λ = 12 , as the mapping f is (g − (α,m))−convex
dominated function, we have that∣∣∣∣f (x) +m (2α − 1) f (y)2α − f
(
x+my
2
)∣∣∣∣ ≤ g (x) +m (2α − 1) g (y)2α −g
(
x+my
2
)
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for all x, y ∈ [0,∞) and (α,m) ∈ (0, 1]
2
. If we choose x = ta + (1 − t)b, y =
(1− t) a
m
+ t b
m
and t ∈ [0, 1] , then we get
∣∣∣∣∣∣
f (ta+ (1− t)b) +m (2α − 1) f
(
(1−t)a+tb
m
)
2α
− f
(
a+ b
2
)∣∣∣∣∣∣
≤
g (ta+ (1 − t)b) +m (2α − 1) g
(
(1−t)a+tb
2
)
2α
− g
(
a+ b
2
)
.
Integrating over t on [0, 1] we deduce that
∣∣∣∣∣∣
∫ 1
0
f (ta+ (1− t)b) dt+m (2α − 1)
∫ 1
0
f
(
(1−t)a+tb
m
)
dt
2α
− f
(
a+ b
2
)∣∣∣∣∣∣
≤
∫ 1
0
g (ta+ (1 − t)b) dt+m (2α − 1)
∫ 1
0
g
(
(1−t)a+tb
m
)
dt
2α
− g
(
a+ b
2
)
and so the first inequality is proved.
Since f is (g − (α,m))−convex dominated function, we have
|tαf (x) +m(1− tα)f (y)− f (tx+m(1− t)y)|
≤ tαg (x) +m(1 − tα)g (y)− g (tx+m(1− t)y) , for all x, y > 0
which gives for x = a and y = b
m
∣∣∣∣tαf (a) +m(1− tα)f
(
b
m
)
− f
(
ta+m(1− t)
b
m
)∣∣∣∣(2.2)
≤ tαg (a) +m(1− tα)g
(
b
m
)
− g
(
ta+m(1− t)
b
m
)
and for x = a
m
, y = b
m2
and then multiply with m
∣∣∣∣mtf ( am
)
+m2(1 − t)f
(
b
m2
)
−mf
(
t
a
m
+ (1− t)
b
m
)∣∣∣∣(2.3)
≤ mtg
( a
m
)
+m2(1− t)g
(
b
m2
)
−mg
(
t
a
m
+ (1− t)
b
m
)
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for all t ∈ [0, 1] . By properties of modulus, if we add the inequalities in (2.2) and
(2.3), we get ∣∣∣∣tα [f (a) +mf ( am
)]
+m(1− tα)
[
f
(
b
m
)
+mf
(
b
m2
)]
−
[
f
(
ta+m(1 − t)
b
m
)
+mf
(
t
a
m
+ (1− t)
b
m
)]∣∣∣∣
≤ tα
[
g (a) +mg
( a
m
)]
+m(1− tα)
[
g
(
b
m
)
+mg
(
b
m2
)]
−
[
g
(
ta+m(1 − t)
b
m
)
+mg
(
t
a
m
+ (1− t)
b
m
)]
.
Thus, integrating over t on [0, 1] we obtain the second inequality. The proof is
completed. 
Remark 1. If we choose α = 1 in Theorem 5, we get two inequalities of Hermite-
Hadamard type for functions that are (g,m)−convex dominated in Theorem 1.
Theorem 6. Let g : [0,∞) → R be an (α,m)−convex function with (α,m) ∈
(0, 1]
2
. f : [0,∞)→ R is (g − (α,m))−convex dominated mapping and 0 ≤ a < b.
If f ∈ L1 [a, b] , then the following inequality holds:∣∣∣∣∣12
[
f (a) + f (b) +mαf
(
a
m
)
+mαf
(
b
m
)
α+ 1
]
−
1
b− a
∫ b
a
f (x) dx
∣∣∣∣∣(2.4)
≤
1
2
[
g (a) + g (b) +mαg
(
a
m
)
+mαg
(
b
m
)
α+ 1
]
−
1
b− a
∫ b
a
g (x) dx
Proof. Since f is (g − (α,m))−convex dominated function, we have∣∣∣∣tαf (a) +m(1− tα)f
(
b
m
)
− f
(
ta+m(1− t)
b
m
)∣∣∣∣
≤ tαg (a) +m(1− tα)g
(
b
m
)
− g
(
ta+m(1− t)
b
m
)
and ∣∣∣tαf (b) +m(1− tα)f ( a
m
)
− f
(
tb+m(1− t)
a
m
)∣∣∣
≤ tαg (b) +m(1− tα)g
( a
m
)
− g
(
tb+m(1− t)
a
m
)
for all t ∈ [0, 1] . Adding the above inequalities, we get∣∣∣∣tα [f (a) + f (b)] +m(1− tα)
[
f
( a
m
)
+ f
(
b
m
)]
− f
(
ta+m(1 − t)
b
m
)
− f
(
tb+m(1 − t)
a
m
)∣∣∣∣
≤ tα [g (a) + g (b)] +m(1− tα)
[
g
( a
m
)
+ g
(
b
m
)]
− g
(
ta+m(1− t)
b
m
)
− g
(
tb+m(1− t)
a
m
)
.
Integrating over t ∈ [0, 1] and then by dividing the resulting inequality with 2, we
get the desired result. The proof is completed.
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Another proof can be done as the following.
Since f is (g − (α,m))−convex dominated, we have by Lemma 1 that g+ f and
g − f are (α,m)−convex on [0, b] , and so by the Hadamard’s type inequality for
(α,m)−convex functions in (1.4)
1
b− a
∫ b
a
(g + f) (x) dx(2.5)
≤
1
2
[
(g + f) (a) + (g + f) (b) +mα (g + f)
(
a
m
)
+mα (g + f)
(
b
m
)
α+ 1
]
and
1
b− a
∫ b
a
(g − f) (x) dx(2.6)
≤
1
2
[
(g − f) (a) + (g − f) (b) +mα (g − f)
(
a
m
)
+mα (g − f)
(
b
m
)
α+ 1
]
By using the inequalities in (2.5) and (2.6), we get the inequality in (2.4). 
3. (g, r)−convex dominated functions
Definition 5. Let positive function g : [a, b]→ R be a given r−convex function on
[a, b]. The real function f : [a, b]→ R is called (g, r)−convex dominated on [a, b] if
the following condition is satisfied:
|Mr(f (x) , f (y) ;λ)− f (λx+ (1− λ) y)|
≤ Mr(g (x) , g (y) ;λ)− g (λx+ (1− λ) y)
for all x, y ∈ [a, b] and λ ∈ [0, 1] .
Theorem 7. Let positive function g : [a, b]→ R be an r−convex function on [a, b].
f : [a, b] → R is (g, r)−convex dominated mapping and 0 ≤ a < b. If f ∈ L1 [a, b] ,
then the following inequality holds:∣∣∣∣∣Lr (f (a) , f (b))− 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣ ≤ Lr (g (a) , g (b))− 1b− a
∫ b
a
g (x) dx
for all x, y ∈ I, λ ∈ [0, 1] and Lr (f (a) , f (b)) as in (1.6).
Proof. By the Definition 5 with r = 0, f (a) 6= f (b) , we have∣∣fλ (a) f1−λ (b)− f (λa+ (1− λ) b)∣∣
≤ gλ (a) g1−λ (b)− g (λa+ (1− λ) b) .
Integrating the above inequality over λ on [0, 1] , we have∣∣∣∣∣f (b)
∫ 1
0
[
f (a)
f (b)
]λ
dλ−
∫ 1
0
f (λa+ (1− λ) b) dλ
∣∣∣∣∣
≤ g (b)
∫ 1
0
[
g (a)
g (b)
]λ
dλ−
∫ 1
0
g (λa+ (1− λ) b) dλ.
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By a simple calculation we have∣∣∣∣∣ f (b)− f (a)ln f (b)− ln f (a) − 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣
≤
g (b)− g (a)
ln g (b)− ln g (a)
−
1
b − a
∫ b
a
g (x) dx.
The above inequality can written as∣∣∣∣∣Lr (f (a) , f (b))− 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣ ≤ Lr (g (a) , g (b))− 1b− a
∫ b
a
g (x) dx.
For r = 0, f (a) = f (b) , we have with the same development
|f (a)− f (λa+ (1− λ) b)|
≤ g (a)− g (λa+ (1− λ) b)
and this inequality can be written as∣∣∣∣∣Lr (f (a) , f (b))− 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣ ≤ Lr (g (a) , g (b))− 1b− a
∫ b
a
g (x) dx.
By the Definition 5 with r 6= 0,−1, f (a) 6= f (b) , we have∣∣∣(λf r (a) + (1− λ) f r (b)) 1r − f (λa+ (1− λ) b)∣∣∣
≤ (λgr (a) + (1− λ) gr (b))
1
r − g (λa+ (1− λ) b) .
Integrating the above inequality over λ on [0, 1] , we have∣∣∣∣∣ rr + 1 f
r+1 (a)− f r+1 (b)
f r (a)− f r (b)
−
1
b− a
∫ b
a
f (x) dx
∣∣∣∣∣
≤
r
r + 1
gr+1 (a)− gr+1 (b)
gr (a)− gr (b)
−
1
b− a
∫ b
a
g (x) dx.
The above inequality can be written as∣∣∣∣∣Lr (f (a) , f (b))− 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣
≤ Lr (g (a) , g (b))−
1
b− a
∫ b
a
g (x) dx.
For r 6= 0 and f (a) = f (b) , we have similarly∣∣∣(f r (a)) 1r − f (λa+ (1− λ) b)∣∣∣
≤ (gr (a))
1
r − g (λa+ (1− λ) b) .
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Then integrating the above inequality over λ on [0, 1] , we have∣∣∣∣∣Lr (f (a) , f (b))− 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣
≤ Lr (g (a) , g (b))−
1
b− a
∫ b
a
g (x) dx.
Finally, let r = −1. For f (a) 6= f (b) we have again∣∣∣(λf−1 (a) + (1− λ) f−1 (b))−1 − f (λa+ (1− λ) b)∣∣∣
≤
(
λg−1 (a) + (1− λ) g−1 (b)
)
−1
− g (λa+ (1− λ) b) .
Integrating the above inequality over λ on [0, 1] , we have∣∣∣∣∣ f (a) f (b)f (b)− f (a)
∫ 1
f(b)
1
f(a)
λ−1dλ−
1
b− a
∫ b
a
f (x) dx
∣∣∣∣∣
≤
g (a) g (b)
g (b)− g (a)
∫ 1
f(b)
1
f(a)
λ−1dλ−
1
b− a
∫ b
a
g (x) dx.
The above inequality can be written as∣∣∣∣∣L−1 (f (a) , f (b))− 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣
≤ L
−1 (g (a) , g (b))−
1
b− a
∫ b
a
g (x) dx.
The proof is completed. 
References
[1] M.K. Bakula, M.E O¨zdemir, J. Pecˇaric´, Hadamard type inequalities for m−convex and
(α,m)−convex functions, J. Inequal. Pure Appl. Math. 9 (2008), Article 96.
[2] M. Klaricˇic´ Bakula, J. Pecˇaric´, M. Ribicˇic´, Companion inequalities to Jensen’s inequality for
m−convex and (α,m)−convex functions, J. Inequal. Pure Appl. Math. 7 (2006), Article 194.
[3] S.S. Dragomir, On some new inequalities of Hermite-Hadamard type form−convex functions,
Tamkang Journal of Mathematics, 33(1) 2002, 55-65.
[4] S.S. Dragomir and N.M. Ionescu, On some inequalities for convex-dominated functions, Anal.
Num. Theor. Approx., 19 (1990), 21-28. MR 936: 26014 ZBL No.733: 26010.
[5] S.S. Dragomir, C.E.M Pearce and J.E. Pecˇaric´, Means, g−Convex Dominated & Hadamard-
Type Inequalities, Tamsui Oxford Journal of Mathematical Sciences 18(2) 2002, 161-173.
[6] P.M. Gill, C.E.M. Pearce, and J. Pecˇaric´, Hadamard’s inequality for r−convex functions, J.
Math. Anal. Appl. 215 (1997), 461–470.
[7] G. Toader, Some generalizations of the convexity, Proc. Colloq. Approx. Optim., Univ. Cluj-
Napoca, Cluj-Napoca, 1984, 329-338.
[8] H. Kavurmacı, M.E.O¨zdemir and M.Z.Sarıkaya, New inequalities and theorems via different
kinds of convex dominated functions, RGMIA Research Report Collection, 15(2012), Article
9, 11 pp.
[9] V.G. Mihes¸an, A generalization of the convexity, Seminar of Functional Equations, Approx.
and Convex, Cluj-Napoca (Romania) (1993).
[10] M.E. O¨zdemir, H. Kavurmacı and E. Set, Ostrowski’s Type Inequalities for (α,m)−Convex
Functions, Kyungpook Math. J. 50(2010), 371-378.
[11] M.E. O¨zdemir, M. Avcı and H. Kavurmacı, Hermite–Hadamard-type inequalities via
(α,m)−convexity, Comput. Math.Appl., 61 (2011) 2614–2620.
10 M.EMIN O¨ZDEMIRN, HAVVA KAVURMACIN,, AND MEVLU¨T TUNC¸
[12] M.E. O¨zdemir, E. Set and M.W. Alomari, Integral inequalities via several kinds of convexity,
Creat. Math. Inform., 20 (2011), No.1, 62 - 73. http://creative-mathematics.ubm.ro/
[13] M.Z. Sarıkaya, E. Set and M.E. O¨zdemir, Some new Hadamard’s type inequalities for co-
ordinated m−convex and (α,m)−convex functions, Hacettepe J. of. Math. and Ist., 40, 219-
229, (2011).
[14] E. Set et al., On generalizations of the Hadamard Inequality for (α,m)−convex functions.,
Kyungpook Math. J., 2011, Accepted.
NAtatu¨rk University, K.K. Education Faculty, Department of Mathematics, 25240,
Campus, Erzurum, Turkey
E-mail address: emos@atauni.edu.tr
E-mail address: hkavurmaci@atauni.edu.tr
Department of Mathematics, Faculty of Art and Sciences, Kilis 7 Aralik University,
Kilis, 79000, Turkey
E-mail address: mevluttunc@kilis.edu.tr
